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Abstract: On a Riemannian manifold M m+n with an (m + 1) -calibration CI, we prove that an m- 
submanifold M with constant mean curvature H and calibrated extended tangent space RH®TM 
is a critical point of the area functional for variations that preserve the enclosed CI- volume. This 
recovers the case described by Barbosa, do Carmo and Eschenburg, when n = 1 and Cl is the 
volume element of M. To the second variation we associate an £2-Jacobi operator and define 
Il-stability. Under natural conditions, we show that the Euclidean m-spheres are the unique in- 
stable submanifolds of R m+ ". We study the H-stability of geodesic m-spheres of a fibred space 
form M m+n with totally geodesic (m + 1) -dimensional fibres. 

1 Introduction 

Immersed hypersurfaces with constant mean curvature of a Euclidean space are known 
to be critical points of a variational problem, namely, they are critical points of the m- 
area A D {t) for all variations (j) t : D C M m — >■ W n+1 of (j) = (j)Q fixing the boundary of a 
compact domain D, and that leave a certain enclosed (m+ 1) -volume Vo(t) invariant. 
This volume can be given by Vb(0) = Jd(0, v)dM, where v is the unit normal to <p, 
and its modulo is the volume of the cone over 0(D) with vertex at G M (see [2]). This 
property was generalized by Barbosa, do Carmo and Eschenburg in j3l to hypersurfaces 
with constant mean curvature H immersed in a Riemannian manifold M m+ , by defining 
the volume of a variation <j)(t,p) = <j>t(p) as Vb(f) = /r Of ] xD 0*<£M. A critical point of 
Ao(t) for volume-preserving variations, i.e., Vo(t) = Vb(0) = 0, is just a critical point of 
Jo(t) — Aj)(t) + mHoVoit) for any variation fixing the boundary, where Hq is the mean 
value of the mean curvature H of 0, and it is characterized by having constant mean 
curvature Hq. Such a critical point is stable if A'^{0) > for all volume preserving vari- 
ations, or equivalently, if 7^(0) > for all variations with vector variation W satisfying 
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W = fv, where / G and v is the unit normal of M. The class is given by the 
functions / : D ->■ R such that / = on dD and J D fdM = 0. 

Smooth solutions of the isoperimetric problem which seeks the least perimeter that 
encloses a given volume are stable hypersurfaces with constant mean curvature. So it is 
important to determine which hypersurfaces are stable. If M is a space form, the case 
M closed has been solved in concluding that M must be a geodesic sphere, and the 
case M complete, with m = 2, has been partially solved by several authors (see e.g. the 
paper of Ritore and Ros [21] and references therein). 

We ask if somehow we can extend these variational properties to higher codimension 
submanifolds of a Riemannian manifold M of dimension m + n. We use a pre-calibration 
£1 of rank m + 1 on the ambient space M to define the "enclosed volume" of a variation 
: [0,e] x D ->■ M as the ^-volume Vb(f) = Jjof]xo0*^- ^ M is of dimension m+ 1 
and Q. is its volume element, we recover the case [3J. We will assume M has calibrated 
extended tangent space, that is, there exists a smooth global unit normal v such that H = 
\\H\\v and EM = Mv © TM is a Q-calibrated vector bundle. This is a strong restriction, 
and corresponds in some cases to be able to extend M to a calibrated (m+ 1) -dimensional 
submanifold M 1 such that TM' = EM along M. Even in this case, our approach differs 
from [3j], for we allow fa to take values outside M ; , and so our enclosed volume at each 
time t may not correspond to the enclosed volume in M' defined in J3). 

Variational characterizations of prescribed mean curvature was the subject of earlier 
work of Gulliver [|T5l[T6l , and Duzaar and Fuchs [|8j|9]|. In ||T6l a stationary submanifold 
of a functional A(D) + J D (X, where a is an m-form such that H = (da)\ prescribes 
the mean curvature H of M as an alternating m-tensor whose values are orthogonal to 
each of its m arguments. For a submanifold M of a Euclidean space W n+n , Morgan 
in [fT9l defined a prescribed enclosed multi-volume, and proved that M is stationary 
for area for that prescribed multi- volume if and only if, for some t, G A m +i K" 1+w , the 
mean curvature of M satisfies H = % [S, where S is the unit m-plane tangent to M. This 
corresponds to our condition of an Q-calibrated extended tangent space EM, if £ = 
\\H\\Q., defining a calibration Q. (see Lemma 2.3). Existence and regularity of such 
area-minimizing submanifolds (as rectifiable currents), with given boundary and multi- 
volume, are proved in |[T9l under quite general conditions. 

We show that submanifolds with constant mean curvature are just the critical points 
of Ao(t) for variations that fix the Q.- volume, or equivalently, of Jo(t) for any variation 
fixing the boundary dD. Furthermore, under certain conditions on £1, it turns out these 
submanifolds have parallel mean curvature. We compute the second variation of 7d(?) 

and obtain 7^(0) = j D g(fi D {W^),W^)dM =: IaiW 1 ^ 1 ), where W = ^ at t = 0, 
and 

AA W ) = -A ± W ± -RiW 1 ) -B{W L ) +m\\H\\C n (W ± ) -V^W^v 
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is the ^2-Jacobi operator acting on sections W of TM along M. This is the usual Jacobi 
operator with an extra first-order differential operator Q> depending on Q. and VQ., and 
*P Q D a suitable linear function. We define a class of vector fields of M along : D — > M, 

&D,n = {W = /(v +N):fe & D , N e C^TM), N±v}, (1) 
and ^ D>£1 = n C°°(NM/ D ). An element W e satisfies W = on <9Z> and 

/ Q(W,d<i>(e 1 ),...,d<l)(e m ))dM= [ g(W,v)dM = 0, 

JD JD 

where e\ is a direct o.n. frame of M. Such vector fields are vectors of variation for some 
Q-volume preserving variations. We will say that a submanifold with parallel mean cur- 
vature is ^-stable if I^W, W) > for all vector variations W lying in Hq T (NM / d ), i.e., 
the //^completion of the vector space generated by ^jj. If a calibrated extension M' 
of M exists, our stability condition is more restrictive than the one in [0, and depends on 
the geometry of M. But the two concepts are related, if, for example, Q. is a parallel cali- 
bration and NM is a trivial bundle, or it is defined by a fibration of M by totally geodesic 
(m+ 1) -dimensional submanifolds. Related to this last case, we study the Q-stability 
of m-dimensional geodesic spheres of (m + n) -dimensional space forms. For the case 
M = W n+n with any parallel calibration, we give some natural conditions in Theorem 
4.2, which extend the case n = 1 of B21 and enable us to conclude that a m-dimensional 
stable closed submanifold must be pseudo-umbilical or even a Euclidean sphere. A first 
difficulty in the general case n > 2 arises from the fact that a calibrated submanifold M' 
does not have to be totally geodesic, and stability, with no further assumptions, does not 
seem to imply this. The Hodge theory of spheres yields other conditions on Q. that are 
necessary for their ^-stability in Euclidean spaces (Proposition 4.5). 

2 Critical area under volume constraints 

We consider M with Riemannian metric g and a fixed (m + l)-form £1, and : M — > M 
an immersed oriented submanifold. We use V, V- 1 and V to denote the connections on 
M, NM and M, respectively, and B the second fundamental form of 0, as a tensor with 
values on the normal bundle NM. 

Let DcMbea compact domain with smooth boundary, and <j> : (— e, e) X D — > M, 
(j>(t,p) = <j>t(p), a smooth variation of = 0o : D — )■ M that fixes the boundary Vf. Then 

the vector variation W t (p) = ^(t,p) vanishes at dD. If M is closed ( that is, compact 
without boundary) we may consider D = M. We denote by dM t the volume element of 
M t = (M,g t ), where g t = (j) t *g, and by B t the second fundamental form of M t . The mean 
curvature vector is H t = ^trace gf 5 f = £y m8t J ft e f e j)'*' ■> where e,- is an oriented g-o.n. 



STABILITY OF SUBMANIFOLDS WITH PARALLEL MEAN CURVATURE 4 



frame (g = go, M = Mq, etc.), (gt)ij = gt{^i, ej), and T and _L represent the orthogonal 
projection of TM onto TM t and onto the normal bundle NM t of M t , respectively. M has 
parallel (constant, resp.) mean curvature if H is a parallel section in the normal bundle 
{\\H\\ is constant, resp.). The area of D t = (D,g t ) and the Q.- volume of are respectively 
given by 

A D {t) = f dM t , V D {t) := f 

JD J[0,t]xD 

Lemma 2.1. For a local direct g-o.n. frame e, ofM, 
A' D {t) = - f mg(H t ,W t )dM t 

JD 

V D (t) = [ Q(W t (p),d<l)t(p)(e l ),...,d<l> t (p)(e m ))dM. 

JD 

In particular, A' D {t) and V' D {t) depend only on Wf- E NM t . 

Proof. The formula for A' D (t) is very well known, but we recall here some formu- 
las that we will need to use in section 3. Set gij{t,p) = g t {e^ej). Then Ao(t) = 
J D dM t (ei,. . . , e m )dM = f D y/det[gij(t,p)]dM. Using the Hessian of 0, as a map from 
(-£,£) x D with metric dt 2 + g, we see that, at t = and p eD,V d (d(j) t (ei)) = V ei W. 

Hi 

Thus, 

i U) gij = g(V ei W, d$ (ej) ) + g(V ej W, d$ ( ei )) , (2) 
andsol^Je^^)])^!,^ 

A'(0) = - f D mg{H,W L )dM. The same formula holds for any t. Now for any < s < t 
and p ED, (j)*£i{s,p) = Cl(^(s,p),d<j> s (p)(ei),... 1 d<j) s (p)(e m })dsAdM. Hence 

V D (t) = ^(J D a(^(s,p),d^(p)(e l ),...,dUp)(e m ))dM)ds. 

Differentiation with respect to t proves the lemma. □ 
Definition 2.1. A variation r is said Q.-volume preserving if Vo(t) = V(0) = Wt. 
For each W e T^t p \M we set 

a w (p) = Q.(W p: d(j)(ei), . . . ,d(j)(e m )) =a w ±(p). (3) 

In what follows, Q. is a rank-(m + 1) pre-calibration on M. 

This means D. is an (m+ l)-form on M such that \£l(ui, . . . ,w m+ i)| < 1, for any o.n. 
system ui of T X M, and equality holds for some system in T X M, at each x EM. In the 
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latter case, we will refer to the subspace span{i< ; } as ^-calibrated. An ^-calibrated 
submanifold is an (m+ 1) -dimensional submanifold M' with calibrated tangent space 
( ifTTIO . For these submanifolds, Q. restricted to M' is the volume element of M' . If Q. 
is a calibration, that is, £1 is a closed form, such submanifolds are homologically area 
minimizing, and in particular minimal stable in M. Before we give the next definition, 
we recall the following Lemma 2.1 of |fT8l : 

Lemma 2.2. If ui is an o.n. system with Q(ui,. . . ,u m +\) = cos 6, G [0, 7t], then for 
any W-LiiiWi, and any j, \Q.(w,ui,...,uj,...,u m +i)\ < sin0. 

Definition 2.2. We will say that an oriented m-dimensional immersed submanifold (j> : 
M — > M has ^.-calibrated extended tangent space on D, if for each p G D, there exist a 
unit normal vector v p such that g(H, v) = \\H\\, and for a direct o.n. frame e ; - ofT p M, 

a v (p) = Cl(v p ,d$(ei),...,dQ(e m )) = 1. 

We will refer to EM p = Rv p © T p M as the extended tangent space ofMatp in M, and 
denote B V (XJ) = g(B(X,Y),v). 

The next lemma ensures that, if v G NM p satisfies a v (p) = 1, then v is unique. We will 
always assume that v defines a smooth global section of NM/ D . 

Lemma 2.3. If (j> has calibrated extended tangent space, then WW G NM p , U[ G T p M, 

Q.(W,V,d^)(u\),...,d^(u m -i)) =0 

Q(W,d<j)(ui), . . .,d<j)(u m )) = g(W, v p )y/dct[g(ui,Uj)] 

Furthermore, for any W G T^^M, g(H,W) = \\H\\a^. 

Proof. The equalities are immediate consequences of Lemma 2.2. Then it follows 
g(W,H) = \\H\\g(W,v) = \\H\\a w . □ 

It is clear that if an (m+ 1) -dimensional submanifold M' of M contains M, the mean 
curvature of M in M' is the same as in M only if TM' = EM along M. This is the case 
when M' is totally geodesic in M. We do not know if a calibrated (m+ 1) -dimensional 
submanifold M' containing M does exist. Harvey and Lawson ifTTll . using methods of 
Cartan-Kahler theory, proved that, for some calibrations, the boundaries of ^-calibrated 
manifolds are exactly the m-dimensional submanifolds T that are maximally £2-like, that 
is, at each x G T, its tangent space is in the span of a calibrated subspace E x . Definition 
2.2 is a particular case of this condition. A positive answer to this problem for a given £1 
would be equivalent, at each x G M, to prove a modified version of Hilbert's seventeenth 
problem in M. m+n = T X M, in the terms formulated in IfTTll . Thus, if this problem turns 
out to be true for Q., an m-dimensional submanifold M with calibrated extended tangent 
space only exists if the mean curvature H points in the same direction of the unit normal 
of M as a submanifold of the extended calibrated manifold M' . 
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Example 2.1. If M = N m+l xP"-\ where N and P are Riemannian manifolds, and 
Q. = Vofy, the calibrated submanifolds are the slices N x ho where ho 6 P. Let : M — > M 
with components 0(p) = (ty(p) ,h(p)) . Then a v (p) = 1 for all p means that d0(e ; ) and 
V lie in TN. In particular dh = 0, that is, h is constant. Consequently lies in a slice 
M' = N x ho. Furthermore, since M' is totally geodesic in M, then TM' = EM along M. 

Example 2.2. Consider IR 8 with its octonionic structure and Q. the Cayley calibration, 
£2(z, w, v, w) =^(z,(ixvxw), using the cross product of 3 vectors in IR 8 (see chapter IV 
of El). Let : M 3 — >■ IR 8 be any embedded real-analytic 3-dimensional submanifold. 
Then there exists a unique 4-dimensional real-analytic Cayley submanifold N that con- 
tains M ( IfPTll , Theorem 4.3 of Chapter IV). N is characterized as the submanifold whose 
tangent space at p eN satisfies T p N = T p M®^li p , with \i p = d^{e\) x d§(e2) x <i0(e 3 ). 
Thus = 1, and so, if M has ^-calibrated extended tangent space, then v = }l, and M 
has a calibrated extension M' = N such that TM' = .EM. There are many Cayley sub- 
manifolds. They can be seen as the class of minimal 4- submanifolds of C 4 with equal 
Kahler angles, which includes the complex and the special Lagrangian submanifolds. 

Example 2.3. £75] [761/ Consider the imaginary part of the octonionic space IR 7 = ImIR 8 , 
with o.n. basis e\,...,&j orthogonal to the scalars El, endowed with the associative 
calibration Q,(z, u, v) = g(z, u-v), where ■ is the Cayley multiplication (see [fTTll . Chap. 
IV). Let H : IR 7 x M 7 — >• IR 7 be the cross product of two octonions, H(u, v) = Im(w • v) = 
uxv. lfr< 1 is fixed and r={(rcos0,rsin0, 0(0), 0,0, 0,0) : G [0, 2%\ } is the graph 
of a smooth function over a circle To of radius r in the {ei, £2} -plane, and if T lies 
in a ball of radius 1, then Y bounds a surface D of prescribed mean curvature H(e\,e2), 
where ei,e2 is an o.n. frame of D ( lfT6ll 3.6). Furthermore, \\H\\ = 1 is constant. In 
this case H — v in our setting, since Q.(H, e\,e%) = 1. Thus, D is a surface of constant 
mean curvature in IR 7 and with ^-calibrated extended space. Moreover, if M = D is a 
real analytic 2-dimensional surface of IR 7 , then EM = TM', where M' is the unique real 
analytic associative submanifold of IR 7 which contains M (see Theorem 4.1 of [fTTl ). 

Example 2.4. For any immersed submanifold : M m — > M, one has ||5|| 2 > m||//|| 2 , 
and equality holds if and only if is totally umbilical (a proof can be found in 
for the case n = 1). This is equivalent to the second fundamental form being an NM- 
valued multiple of the metric, that is, B(-,-) = H (gig. Totally umbilical submanifolds 
of space forms are also space forms and are either totally geodesic or m-spheres (see 
(51). If M is a closed submanifold of IR m+n and with parallel mean curvature, it is 
sufficient to assume ||5|| 2 < ^tyII^|| 2 in order to conclude that M is an m-dimensional 
sphere (0). A weaker concept is pseudo-umbilicity, that is, when g(B(-, -),H) = \\H\\ 2 g. 
Chen and Yano in [6] proved that M is pseudo-umbilical with parallel mean curvature 
H = \\H\\ v 7^ if and only if + ||//|| _1 v is a constant vector z in W l+m . In this case 
M is immersed into a hypersphere of W l+m centered at z, and v is parallel to the radius 
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vector field — z- We now suppose M = M. m+n with a pre-calibration Q., and M is a 
submanifold with nonzero parallel mean curvature H and calibrated extended space. Let 

R* = R\{-||#||- 1 }. 

Proposition 2.1. 7/"M z's pseudo-umbilical, then 4> : M x M* ->■ M" 7+ ", given fry 4>(p, f ) = 
— ?V p , defines an ^.-calibrated extension M' of M, with second fundamental form, 
satisfying B M {X 1 ', v) = 0/or a// X' G T/ p Q\M', p EM, and M is totally umbilical in M' . 
Furthermore, supposing M is closed, then M is totally umbilical in M if and only ifM' 
is an (m + 1 ) -dimensional vector subspace and M is a Euclidean sphere. 

Proof. Using the pseudo-umbilicity assumption, we have for X E T p M 

dv(p)(X)=^v + Y,g(dv(p)(X),e l )e l = -B v (X,e l )e i = -\\H\\X. 

i 

The induced metric inMxI* is g 1 , ^ = (1 +t\\H\\) 2 g p + dt 2 , and 4>*Q takes the value 

1 along the g'-o.n. frame {— 4:,e(t)i = (1 +t i = 1, . . . ,m}. Thus, M ; is a cal- 
ibrated extension of M. The tangent and the normal bundles of M' at (p,t) are naturally 
identified with the corresponding ones at (p,0). The global section of TM', v(p,t) = 
V p , extends the parallel section v of the normal bundle of M, and satisfies dv(v) = 
dv(—4-) = 0. Thus, the second fundamental form of M' satisfies at (p,t) B M (e,-, v) = 0, 
and 5 M '(v,v) = proj NM ,(dv(v)) = 0. Since B{e u e } ) = B v (e h ej)v +B M '{e h ej), we 
conclude that M is totally umbilical in M if and only if B M (e,-, ej) = 0, for all ij. This 
holds if and only if M' is totally geodesic. In this case, M is an umbilical hypersurface of 
a Euclidean space, and supposing M is closed, then by a classical result due to E. Cartan 
(or using |[51 17]|), M must be a sphere. □ 

Henceforth we assume : M — )■ M has calibrated extended tangent space. 

We consider the following class of functions, defined in [31, and a class of vector 
fields 

& D = {f:D^R: f /dD = 0, J D fdM = 0} 
^D,a = ^D,anC°°(NM /D ), 

where #b is defined in ([I]). We consider the orthogonal split of the normal bundle 
NM/ D = IRv ©i 7 . For each section W E NM we denote the corresponding split 

W = W V +W F = fv + W F . 

Definition 2.3. A variation (fo of (j) is said to be in &d,$i ( resp. J^d,ci) if the vector 
variation at t = 0, W = ^-\t=o, lies in <^d,q. (resp. ^d,q.)- 
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Lemma 2.4. For any W G J^b,fi there exists an Q.-volume preserving variation (j) t of 
that fixes the boundary and has vector variation W. Reciprocally, the vector variation 
W of any Q.-volume preserving variation (fo satisfies J D awdM = (not necessarily in 

Proof. We follow the argument of 0. As in ®, W = fN', where N' = V +N. Let 
p : (-£,£) x M^M be a variation p(£,p) such that p (0, p) = 0(p), and ^|(0,p) = A^. 
For example, we may take p(£,p) = exp^^(^N' p ), where exp is the exponential of M. 
We consider, for each p G A the solution %(t,p) of the initial value problem 

dtV'P) a^{t,p),p) 
«(0,p)=0, 



with a(^,p) = a( c ^(^,p),dp^(p)(ei),...,dp^(p)(e m )) = ^det[g^(e h ej)]a d p , where 

ei, . . . , e m is any direct g-o.n. basis of T p M. Note that a(0, p) = g (./V 7 , v) > 0, and so for 
? sufficiently small a(E> (t,p),p) does not vanish. Now 0f(p) = p(^(?,p),p) satisfies the 
conditions of the lemma. Reciprocally, if f is ^-volume preserving, then V^>(0) = 0, 
which implies = f D Q,(W p ,d(j)(ei), . . . ,d(j)(e m ))dM = J D a w dM = J D fdM. □ 

The first part (a) of the next lemma is due to [2]. If D = M is a closed manifold, we 
show a similar conclusion for the Sobolev space H l (D) = {/ G L 2 (D) : 3V/ G L 2 (D) 
(in the weak sense)}, with the H dinner product 

= (/,/)l2 + (V/,V/) L 2= / //^M+ / g(Vf,Vf')dM. 

jd jd 

The L 2 -completion of J^b is the space Lj(D) of L (D) -functions with zero mean value. 
The // 1 -completion of J^d isflj r (D) =fl}(D) nL? T (D) (see O and recall that the set of 
functions / G C°°(D) with f/gj) = 0, and f^(D) of the ones with compact support inside 
D, generate the same spaces L?(D) and (D)). If D = M is closed, (M) = H l (M). 

Lemma 2.5. (a) /2]/ IfG<E C°°(D) is L? -orthogonal to then G is constant. 

(b) IfD = M is closed and G G H l (M) is H l -orthogonal to J^m, then G is constant a.e.. 

Proof, (b) Let Gu = l^l -1 Im^M, where \M\ = f M dM. Then, as M is bounded, we 
haveL 2 (M) cL l (M) and G — Gm G Hq T (M). From {G,G-G M ) H i = 0, we have 

/ G 2 dM-G M I GdM = — [ ||VG|| 2 dM<0. 

JM JM JM 

Thus, f M G 2 dM < \M\-\f M GdM) 2 < f M G 2 dM, where we have used Cauchy-Schwarz 
in the last inequality. Hence |(G, 1) L 2| = |G| L 2|1| L 2, which implies Gis constant a.e.. □ 
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We consider the set 

&' D = & D -C~(D) = {fh: fe^ D ,he C~(D)} (4) 
spanning a vector space RJ^ of the finite sums Y*ifi n u where f G &d and /z ; - G C°°(D). 

Lemma 2.6. Tjf G G £ 2 (£>) (res/?. G G Hq(D)) is L 2 -orthogonal (resp. H l -orthogonal) to 
&' D , then G = a.e.. 

Proof. Since 0(D) is L 2 -dense in L 2 (D), and f/ 1 -dense in Hq(D), if we prove that 
0(D) C then we prove the lemma. Let (p G 0(D). We take D ; a domain such 
that supp<p Cfl'cD'cfl, and G 0(D'), <j> > 0, and such that = 1 on suppp. 
Let e G 0(D) not identically zero, e > 0, and with compact support inside a small 
ball B £ with 5 e C D\D' . Then we have a function / G 0(D) given by on D', and 
by — c0 e on 5 e , and zero away from these sets, where c > is the constant defined by 
J D <j)dM = cf D Q E DM. Then / G & D , and <p = f<pe&' D . □ 

Let ho = j^J D \\H\\dM be the mean value of \\H\\ . For a variation <j> t fixing <9D, define 

/d(0 =A D (t)+mh D V D (t). 
Then 7^(0) = f D m(-g(H, W^) + h D a w± )dM. 

Theorem 2.1. Consider the following statements: 

(1) \\H\\ = ho, is constant in D. 

(2) A' D (0) = Ofor all Q.-volume preserving variations on D that fix the boundary dD. 

(3) J' D (0) = Ofor all variations on D fixing the boundary dD. 

{!') the same as (2), and (3 ; ) the same as (3), but for J?d,q. (or J^d.q.) variations. 
The statements are all equivalent. 

Proof. From Lemma 2.3, (1) is equivalent to g(H,W) = h^aw for all W p G T p M, and 
p G D. Now we prove (1) =>• (2)(=>- (2')). For an £1- volume preserving variation with 
vector variation W, by Lemma 2.1 A' D (0) = J D —mg(H,W)dM = —mh D J D awdM. The 
latter is zero by Lemma 2.4. Next we prove (2 ; ) =>• (1). If W G ^d.q, ( or W G ^bn), we 
we may take ? a £1- volume preserving variation with vector variation W (see Lemma 
2.4). Since g(W,H) = \\H\\aw (by Lemma 2.3) and by assumption J D g(H,W)dM = 0, 
we have J D \\H\\awdM = 0. Considering any function / G and W = fv, we have 
aw = f and conclude that J D f\\H\\dM = 0. Lemma 2.5(a) gives \\H\\ constant. Both 
(3) (2), (3') {!') and (1) =4> (3), (1) (3 ; ) are obvious using Lemmas 2.1 and 
2.3. □ 
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3 The second variation 

Let : D C M — > M be an immersion with constant mean curvature H and with calibrated 
extended tangent space. In Theorem 2. 1 we have shown that is a critical point of //)(?), 
for all variations fixing the boundary dD. The Laplacian for sections in the normal 
bundle is given by A^W 1 - = V^V^rW 1 " — Vy^W- 1 . We use the curvature sign of M, 

^(X,y) = -[Vx,Vy] + V [x>y] ,andset 

R(W ± ) = Z i (R(d<l)(e i ),W ± )d<l)(e i )) ± , 
B(W ± )=^ lj g(W ± 1 B(e ll e J ))B(e l ,e J ). 

We also define a differential operator, C a : C°°(§- l TM) ->■ C°°(0 _1 rM), given by 
/ g(C cl (W),W , )dM = (5) 
= ^(Ei(^ ± ,e 1 ,...,V^ /± ,...,e m ) + ^(W ,± ,e 1 ,...,V^,...,e m )) 

If we use the identity V ei W f± = V^W' 1 - - T, j g{B{e u ej), W r± )ej, and define a vector 
field X w ^ wl by g(X w>W /,e f ) = #(<?i), . . . , . . . , d<j)(e m )), with in the i- 

position, then applying Lemma 2.3 we may write the first term of this operator as 

^a(W ± ,d(l)(e 1 ),...,Vi i W' ± ,...,d(l>(e m )) = (6) 

i 

i 

-££a(W ± ,^(e 1 ),...,5(e o e J 0,...,W ,± ,...,#M)+div(X w 0- 

Upon integration, div(X ww i) vanishes for W' with compact support in D. Thus, C a is an 
L 2 -self-adjoint first-order differential operator, only depends on C°°(NM/ D ), and takes 
values on C°°(NM/ D ) . If V^v = 0, and denoting by V F the connection on F, by Lemma 
2.3 we see that£2(W\ d$(e\), . . . , V^W'- 1 , . . .,d(j)(e m )) = Q(W F \d<f>(ei), . . . , V£W F , . . . , 
d(j)(e m )). In this case, and if moreover = 0, then g(C n (W), v) = holds for all W. 

Lemma 3.1. For a variation § t that fixes the boundary and with vector variation W, 

J" D (0) = J g(-A ± W ± -R(W ± )-S(W ± )+m\\H\\C a (W ± ) ^^dM. (7) 
In particular 7^(0) only depends on W^. 
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Proof. Let e\ be a g t -o.n. with = e\. We have 

j 'd^) = f D m(-g(H t ,W l - L )+h D a w i_)dM t (e h ...,e m )dM. 
By Lemma 2.3, at t = 0, g(H t , W t ) = hoa w ±. Therefore, 



JDdt\ t= n ' 



Now we have 



^ g(^,^ ± )=g(V, // / ,W ± )+^(//,V # W^). (8) 

The next formula is well known for W T = ( Il22l0 . but we prove here the general case 

g(V A mHt.W 1 ) = g(k 1 W 1 +R(W 1 )+B(W A -)+mV 1 H,W 1 \. (9) 

dt\ t=0 \ / 

In ©, if n = 1, the term V H vanishes, giving the formula in [|2l O. At a fixed point 
po G M we consider local g-o.n. frames e,- such that Ve,-(po) = 0, and set gij{t,p) = 
g t (ei, ej). Since mH t = Zijg'/ ' B t(ej, ej), then at t = and p = p 

V, m// f = £(^ ^')5(e ; ,e 7 )+£V, (5 f (e f , e t )). 
Using the symmetry of 5, eq. (2), and ^ | ^g l J = —jt, gy, we have 

g<;>(^y)=£-2i^,V^^ 

y ^ |f=0 < y 

On the other hand, at ? = and p = po, 

= £V,(v e X^(eO)-£^(V e X^(eO),^(e,))# f (e ;( )) 

i to 

= Ev,(^.(#(,,)))-j;(4f")§(v^w,Q)^(^ 

; dt ~ at 

i iku 



£g(V,(V ei (J<^))),#(e^ 

TT a7 a? 



. , 37 
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i k 



i k 

We note that 

(Ve^W^ 1 = (v e ,.(£^(V e ,^,^(e 7 ))^(e 7 )+V e J :^)) ± 

= (£V e ,(-^,5(e ; ,e ; ))^(e J ))) ± + V e J :V^ ± 
j 

= £-g(W ± ,B(^, ey ))B(^^)+VXW ± , 
(Ve.Ve.W^ = (V e .(V ej W T +fi(^,W T ))) ± 

= (v e! .(V e! .W T )) ± + V e ,.5( e; ,W T )+ J B( e; ,V e ,.W T ) 

= 25(e ; ,V e( .iy T )+V iyT 5(e ; ,e ; )-(W(e ! -),W T )^(e ; )) ± , 

where in the last equality we have used Coddazzi's equation. Here VB denotes the 
covariant derivative of B as a tensor with values in NM. Therefore, 

V d mH t = A ± W ± +B(W ± )+R(W ± )+V^ T mH-^g(mH : V ei W)d(j)(e k ) (10) 

S l«=0 k 

and we obtain ©. Next we calculate |L Q <VJ-- 

= (V^ ),..., d0(e m )) + fl(V«, W r , ± ,^(ei),...,#M) 

+ £^(W ± ,#(e 1 ),...,V, (^(e ( -)),...,^( ew ))-|(W ± ,v)g(V e ,.W,^( e/ )). 

i s l f =o 

Applying Lemma 2.3, and = V e .W = (V e .W) T + V^W 1 + fl(e f , W T ), 

2*lt=o 

we have 

Q(WV<Kei),...,Vrf {d^ t {e i )),... 1 d^{e m )) = g(W x , v)g(V e .W,<ty(e;)) + 

d( lt=o 

+ V<Kei), . . . , V^W^ . . . ,d<Ke^ 
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Thus, 
d 



A|,=o w < 



a w+ = (^w^)( w± ^( e i)^--^ d He m ))+g(C a (W ± ),W ± ) (11) 



+g(V # ^ ± ,v)+£^(W ± ,#(e 1 ),...,5(e ; ,iy T ),...,^(e ra )). 

*\t=o ; 



Now we observe that, for X E T P[) M, 



(V x a)(W\^(ei),...,^(e m ))=<g(WV^ 

-£^(w ± ,#( ei ),...,v x (^( e; )),...,#(e OT )) 

i 

= d(g(W ± 1 v))(X)-g(V x W ± ,v)-Y,n(W ± M(e l ),...,B(X,e^...JHe,n)). 

i 

Consequently, 

(V z n)(wV0(ei), • • = (12) 

= g(W ± ^v)-^{W ± ,d<l>(e 1 ),...,B(X,e i ),...,d<l)(e m )). 



Therefore, taking X = W~ in £[2]), using dTT]) and ©, and adding ®, 



(m^(// f ,^ ± )-m||//||a w ,x) = g^W^ +R{W ± ) +B{W ± ) -m\\H\\C a (W^), W 1 ). □ 



dt 

From (fT2)) in the preceding proof, we conclude: 



Proposition 3.1. 7/"0 :M ^-M is an immersion with calibrated extended tangent space, 
then v is a parallel section of the normal bundle if and only if VX E T p M, E NM p , 

(V^)(W^rf<Kei), . . . ,rf<Ke m )) = -£a^ 

i 

In this case, if has constant mean curvature, then it has parallel mean curvature. 
We now define a self-adjoint strongly elliptic second order differential operator Jfi a : 

MW) = J r (W)+m\\H\\C n (W) £C°(NM /D ), 
where f {W) is the usual Jacobi operator, J (W) = -A- L W 1 -R^W- 1 ) -BiW 1 ). 
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We now recall some properties of calibrations defined by fibrations. Consider % : 
M — > N a Riemannian submersion between Riemannian manifolds, defining an orthog- 
onal split of TM into the vertical and the horizontal spaces, TM = TM V © TM h . For 
y E N, M' = %~ x (y) is the fibre at y, which we assume to be of dimension m + 1, and 
for x G M y , T X M V = T x (M' y ), T x M h = (NM' y ) x . For each vector X e TM, we denote 
by X v and X its projection into TM V and TM h , respectively. This fibration defines a 
pre-calibration on M that calibrates the fibres M' y . It is given by 

a s (x u . . . ,X m+1 ) = Vol y (X?, . . . ,X% +1 ), \/Xi e T X M 

where Voly is the volume element of the fibre ML with y = n(x). Let e\, i = 1 , . . . ,m + 1 
and e' a , a = m + 2, . . . , m + n be local o.n. frames of TM V and TM h , respectively. 

Lemma 3.2. [18] All components ofVQ. n and ofd£l K vanish except for the following, 
where i, j < m + 1, a, j8 > m + 2: 

V^{e' a ,e\,...^...,e' m+l ) = {-\)^ 

v e ,a^ / a ,^,...,g;,...,^ + o = (-i)^(v e ,4, e ;.) 

da n (e' a ,e' 1 ,...,e' m+1 ) = -(m + l)g(H V ,e' a ) 
da n (e' a , e'p , e\ , . . . , . . . , e' m+1 ) = (- l) l g( [e' a , e' p ] , e\) , 

where B v and H v denote the second fundamental form and the mean curvature of the 
fibres, respectively. 



Proposition 3.2. Assume M' is a totally geodesic fibre of a Riemannian submersion 
K : M Af. Furthermore, assume : M — >• M is an immersion with £l n - calibrated 
extended tangent space and that § (M) lies in M' with EM = TM' along M, Then v is 
a parallel section ofNM and C a = 0. In particular, if § has constant mean curvature, 
then it has parallel mean curvature. 

Proof. We take frames e' a such that, at p e M, e\ = v, e' i+l = d(j>(ei), for i = 1, . . .,m. 
The first equality of Lemma 3.2 and B v = give us V ei Q, n (e' a ,d^(e\),. . .,d<j)(e m )) = 
0. By the Lemma, the component V e .Q, K (v,d^(e\), . . . ,d(j)(e m )) also vanishes. It is 
clear that Q. n (W- L ,W'- L ,d<j)(ei),. . .,d(j>(ei), . . .,d<j)(e m )) = 0. Applying Proposition 3.1, 
we conclude v is parallel in NM. To prove that C a = we use the second equal- 
ity of Lemma 3.2 and the Escobales-O'Neill identity (V e ' a e 'p) V = j[ e 'ai e 'p} V > an d 
that V v Q. 7[ (e' a ,d^)(ei),. . .,d$(e m )) = V^ft w (v,d0(ei), . . .,d$(e m )) = 0, for any a = 
l,...,m + n. □ 
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4 ^-stable submanifolds with parallel mean curvature 

Let <j> : M — > M be an immersed submanifold with calibrated extended tangent space 
and parallel mean curvature. Given a section W G ^d,q., by Lemma 2.4 there is an 
^-volume preserving variation of with vector variation W. For such a variation we 
have A' D (0) = J' D (0) = and A D (0) = J D (0) = J D _g(f a (W L ),W L )dM. We define a 
symmetric bilinear operator on the vector space R^b ; n spanned by ^o,a 

HW,W') := / 8( < / a (W),W , )dM = I a (W ± ,W ,± ). 

JD 

We consider the orthogonal split NM = Rv ©F into two parallel subbundles. For / G 
and W F G C°°(F), we have /v, /(v + W F ) G J^n- Then /W F G R? D ,a- Hence, 
K^b,fi •//) ^'(i 7 ), where / G is identified with fv, and 

&<F) = (finite sum) : / fl G J^, < G C°°(F)}. 

Let L 2 (NM /D ) be the space of measurable sections W of the normal bundle such that 
||W|| G L 2 (D), and H\NM/ D ) the space of sections W G L 2 (NM /D ) such that 3V^W G 
L 2 (NM /D ) (in the weak sense) for all X G C°°(rM /D ). We define L 2 T {NM /D ) as the 
L 2 -completion of R^b,fl in L 2 (NM /D ), and L /2 (F) the L 2 -completion of &'(F). Then 
L 2 T {NM /D ) = L 2 (D) ®L' 2 {F). We also denote by Hq(D), H^ t (NM /d ), H$(F) the 
corresponding Z/ 1 -completion of KJ^, M^b,£2» an d &'(F), respectively, where 

(W,WV= / g(W,W')dM+ [ Y,g{VeW^eW')dM. 

JD JM i 

If D = M closed, Hq = H l . We consider the quadratic form defined for W G K^b,n 

Gn(W) = (llV^H 2 -g(tf(W), W) -g(B(W), W) +m\\H\\g(C a (W),W)) dM. 

(13) 

Then Ia(W,W) = Qq(W), and so Iq, has a natural extension to W G H^ T (NM /D ). 

Lemma 4.1. 7/Z G L 2 (NM /D ) satisfies J D g(Z,W')dM = for all W G R^b,a then 
Z = cv a.e., where c is a constant. 

Proof. If we take W' = fv where / G J^d, then we conclude by Lemma 2.5(a) that 
g(Z, v) = c a.e. where c is constant. We also have J D fg(Z,W F )dM = for all W F G 
C°°(F) and / G J^b- Thus g(Z,W F ) is constant a.e. Taking a non-constant function p 
we conclude g(Z,pW F ) is also constant a.e.. This implies Z F = a.e.. □ 
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Lemma 4.2. Cq(F) = L' 2 (F) HCq(F). In particular &'{F) is I? -dense in Cq(F). 

Proof. First we claim that if Z G L 2 (F) and Z-LJP'(F) then Z = a.e.. To see this, we fix 
W G L 2 (F). Then, for any / G & D , = J D g(Z,fW)dM, which implies by Lemma 2.5(a) 
that g(Z, W) is constant a.e.. Since W is arbitrary, Z = a.e.. Therefore, L' 2 (F) = L 2 (F). 
On the other hand, the L 2 -closure of Cg (F) is L 2 (F) . □ 

Lemma 4.3. MJ^ is H 1 -dense in (D), that is, H£ (D) = (D). 

Proof. This is an immediate consequence of Lemma 2.6. □ 

Proposition 4.1. &'(F) is H 1 -dense in Hq(F), that is, Hq(F) = Hq(F). Furthermore, 
Hl T {NM /D )=Hl T (D)®Hl(F) and, for W G Hq (NM/ d ), W lies in Hq T {NM/ d ) if and 
only if f D awdM = 0. 

Proof. We only need to prove that any W G Cq(F) with compact support K C D is an 
element of J£~'(F), since the set of such sections is iZ^-dense in Hq(F) (see [23]). Let 
(p G 3>(D) with <p = 1 on K. We have proved in the proof of Lemma 2.6 that <p G &' D , 
say <p = fh, as in (4). Then W = <pW = f(hW) G &'{F). The rest is elementary. □ 

Remark 4.1. Assume M is closed and consider D = M. In Lemma 4.3 we have shown 
that the //^closure of BLi^ is H 1 (M). Let 0/, z = 0, 1 . . . , be an L 2 -orthonormal basis 
of L 2 (M) of eigenfunctions of —A, with corresponding eigenvalues A,; /* +°°, where 
Ao = and A] > 0. Then (<fr,0/) L 2 = <5 ;; - and (V0/,V0y) L 2 = A,<5,j. Using integration by 
parts, i.e., / M || V/|| 2 = - J M fAfdM, we obtain for all i, j, 

/ ||V(^-)|| 2 JM=(A i + A / ) / tftfdM-lf Mjg{Vfr,V4>j)dM. 

JM JM JM 

On the other hand, ||V(^ J -)|| 2 = <^ 2 ||V^|| 2 + <^ 2 ||V^|| 2 + 2^^(V^, V^-). Hence, 

/ ||V(^ J )|| 2 JM = ^±M/ tf<i>jdM+ 1 - f (0 2 ||V^|| 2 + 2 ||V^|| 2 )JM. 

1 Jm J 2. Jm j 

Consequently, 

/ ||V(^y)|| 2 JM>^4^/ (^) 2 ^ / IIV^H^M^A,/ <^M. 
Jm A Jm jm 3 

If we take i > 1 and j > 0, G &' M satisfy the above inequalities. But the constant 
function h=\ G Z/ 1 (M) can be expressed as an L 2 -limit of series in terms of <j>i<j>j, and it 
does not satisfy an inequality J M \\ Vh\\ 2 dM > c J M h 2 dM, where c is a positive constant. 
We note that (j>t(j>j, with i < j, is not an orthonormal system. 
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Definition 4.1. We will say an immersed submanifold :M — >■ M of calibrated extended 
tangent space and of parallel mean curvature is essentially testable on D ifA"o(0) > 
for all te-volume preserving J^p ^-variations. Equivalently, (f> is essentially testable on 
D if and only if 7^(0) > for any variation fa with vector variation W G =^b,n- We 
will say (j> is testable on D, if WW G Hq T (NM/ d ), /q(W,W) > 0, and te-unstable if 
otherwise. 

The equivalence of A ;/ £)(0) > with the condition 7^(0) > comes from the fact that 
J'd(0) does not depend on the variation but only on the normal component W of the 
vector variation. The variation does not need to be ^-volume preserving, but one of 
the variations with vector variation W G n is ^-volume preserving. 

We consider the linear function on R^b )Q , Vq^)(W) = |D| _1 J D g( e / a (W),v)dM, 
and define a self-adjoint operator, the Q- Jacobi operator, ^ D : E#d,£2 C #q r (NM/ D ) — )■ 
Lj{NM / D ), given by 

Then for all FK,W' G R^b,n, /q(W,W') = ! D g(,/L,JW)> w ') dM - We extend tne defi- 
nition of Jacobi field given in J3]|: 

Definition 4.2. We wz'/Z sav is an te- Jacobi field 

along <j>:D-+M ifI a (W, W') = 0, \/W' gR^q. 

The next proposition follows immediately from the previous lemmas of this section: 

Proposition 4.2. W is an te-Jacobi field if and only if ^ a (W) = cv, where c is a con- 
stant, if and only if ^^{W) = 0. 

If is a minimal immersion, and Z is a Killing vector field of M, it is well known that 
Z is a Jacobi field for the usual Jacobi operator (C n = ) in the sense that ^(Z^) = 
[|22l . A proof can be obtained by recalling that Killing vector fields generate a one- 
parameter family of isometries Q t on M, defining a variation ? = <J» f o by minimal 
immersions, and so a Jacobi field with vector variation. This is also true if § has constant 
mean curvature with M = M', n = 1 and te is the volume form of M' Q. In higher 
codimension we need some additional assumptions. 

Proposition 4.3. Iffy : M — >■ M « any immersion and Z a Killing vector field ofM, then 
M z± ) = V irmH - (V^Z) 1 + mpT|| C^Z 1 ). 

Furthermore, suppose /las extended calibrated tangent space and a minimal calibrated 
extension M' of M exists such that M is a closed hypersurface in M' as the boundary of 
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an open domain O' of M' . Then J M a z ±dM = 0. In this case, if (j) has parallel mean 
curvature, then Z^ is an Q.-Jacobi field along <j> if and only if 

- (VmHZ) 1 - +m\\H\\ C a {Z^) = cv, (14) 

where c = m||//||g(C n (Z- L ), v) is a constant, which is zero z/VQ = 0. 

Remark 4.2. (1) If n = 1, then H is parallel, and (V//Z) 1 - = \\H\\g(V v Z, v) V = 0, since 
Z is Killing. If C n = (for example Q. = dM) then c / n (Z ± ) = 0. 

Proof Let po EM and e,-, W a local o.n. frames of TM and AW, defined on an open set 
D of M which contains po, and such that Vyej(po) = ^x^a{po) = 0, for all X E 7}, M. 
A tubular neighbourhood y of D in M is diffeomorphic to an open set of NM, using 
the exponential map of M. Each point q E ^ is of the form g = exp p (v) for a unique 
p ED and v € AWp. Let y(f) be the geodesic starting at p with initial velocity v. Then 
we define e~i(q) and Wa(<?) a s the parallel transport along y(t) of ei{p) and of Wa(p), 
respectively. In this way we have vector fields on M defined on a neighbourhood of po, 
extending e, and W a - At po we have 

(V ei W a ) T = -Y,g(W a ,B(ei,ej))ej, = V W/i W a = 

j 

£5( ei ,V e ,Z T ) = J £B(e l ,e J )g(e J ,V e ,Z T ) 

i ij 

= J^B(e h ej)g(d<l>(ej),V ei Z) -Y^B{e h ej)g{d^{ej),V ei Z^) 

ij ij 

= Y, B i^j)s{B{e u ej)^) =5(Z ± ), 



where in the last equality we have used the fact that ej) is symmetric and g(V e .Z, ej) 
skew- symmetric in ij. Now we have at po (and identifying e,- with d(j>(ei)), 

A±Z± = E (^e i (g^e i Z ± ,W a )W a )) ± = "£(d e ,g(\ ' ei Z L ;W a ))W a 
ia ia 

= £ (d ei (g(V ei Z,W a ) -g(V ei Z T ,W a ))) w a 

ia 

= £ (d ei (-g(V Wa Z,ei) -g(B(ei,Z T ),W a ))) W a 
ia 

= £ (-^V^-^Vi) -^(Vj:(5(e ; -,Z T )), W„)) W„. 
ia 

Note that for X,F vector fields on M, g(V x VyZ,F) = 0. Therefore ^(V e ,.V^Z,e ; ) = 
g(^(W a ,e;)Z + g.jZ, e,) . Using the vanishing properties of the covariant derivatives 
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of ei and W a at pq, and the fact that B(e^ej) is symmetric and g(V e .Z,ej) is skew- 
symmetric in ij, we have L'f (V^^Z,^) = L -<?((V e ,Z) T g(W a ,B(ej,ei))ej) = 
0. Applying Coddazzi's equation, £ f Vj:(5(e ; -,Z T )) = V zT 5(e ; -, e f ) - Z^e,-)- 1 + 
-8(^/7 Ve,Z T ), and we arrive at 

= foZ)*/)- 1 + (V^Z) 1 " - V^ Tm // + £( J R(e / ,Z T )e ; )- L - ^(Z- 1 -). 

Then the expression of ^ a {Z ) follows immediately. Now we suppose a calibrated 
extension M' exists with TM' = £M along M, and M' is minimal. Let Z' and Z" be the 
projection of Z onto I'M' and TM' 1 , respectively. Then for e\ a local o.n. frame of M', 

div Ml {Z') = Y,g^e'2'A) = Y,-g^e^''A) = (m+l)g(Z" 1 H M ')=0 1 

i i 

where H M is the mean curvature of M' on M. Thus, for M = dO', 
[ a z ±dM= f g(Z',v)= [ div M f(Z') = 0. 

JM JdO' JO' 

By Proposition 4. 1, Z 1 - E HjiNM), and supposing V^H = 0, then Proposition 4.2 yields 
the equivalence between (14) and the assumption of Z 1 - being an ^-Jacobi field. As 
g(V v Z, v) = holds, then c = m\\H\\ ^(C^Z^), v). If Q. is parallel, then c = as ex- 
plained before Lemma 3.1. □ 

Remark 4.3. If a normal section W is a solution of the f2-Jacobi operator J?' a D (W) = 0, 
on a compact domain D, then ^ a {W) = cV, where c = ^ci.DiW) is constant. Supposing 
W = on a non-empty open set D' C D, then ^^(W) = on £>'. Consequently, c = 0, 
and ^(W) = = on D. This implies that ||A^Vl^|| < C(\\W\\ + W^WW), 

for some constant C > depending on D, R, B, Q., VQ., and V W' a , where W' a is a 
fixed family of o.n. frames of NM defined on a finite cover of D by compact domains. 
Thus, by Aronszajn's unique continuation theorem for systems of inequalities of second 
order (Remark 3 of [HI), W must vanish on all D. That is, J?n D has uniqueness in the 
Cauchy problem. The extra term C a can be seen to act in the sense of distributions. The 
coerciveness property associated with Qq still holds on compact domains. To see this 
we only have to observe that if P is a bilinear map, then \P(W, V^W') | < ||P|| (A ||W|| + 
A -1 ||V^W'||) holds for any A > 0, which should be taken sufficiently large (see Chap. 8 
031). It follows that a Morse index theorem can be stated for submanifolds with parallel 
mean curvature and calibrated extended tangent spaces by using the ^-Jacobi fields, in 
a similar way as Simons's version for minimal submanifolds in (|22| (see also lfT3~l ). 

If a calibrated extension M' of exists and V^v = 0, M has parallel mean curvature 
in M' if and only if it does in M. If we consider variations <j) t with values on M' only, the 
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concepts of volume-preserving coincide, for £1 is the volume form on M' . In particular, 
if / G J^d, we have 

j" D (0)(f) = I -fAf-(R' + \\B v \\ 2 )f 2 dM=:I(fJ), 
Jd 

= [ \\Vf\\ 2 -(R' + \\B v f)f 2 dM=:q(f), 
Jd 

where R' = (e,-, V, <?/, v) = Ricci'(v, v), with Ricci' the Ricci tensor of M', and / is 
the bilinear form defined in 0. The immersion into M' , <j) : D — > M' , is said to be stable, 
if /(/,/) > for all / G & D . Considering any section W G #d,^ with W L = fv, then 
a w = g(W, v) = /, and using the Gauss equation for M' as a submanifold of M, we have 

HW,W) = I(f,f)+m\\H\\ [ f 2 g(C a (v),v)dM 

Jd 

+ J D f 2 ((m+\)g(H M \B M \v,v))-\\B M \v,v)\\ 2 )dM (15) 

where B M> and H M> stand for the second fundamental form and mean curvature of M 1 in 
M, respectively. We have used that B M (e,-, v) = Vjrv = 0. Recall the first eigenvalue of 
the twisted Dirichlet problem [4 J (see also a Euclidean version lfT2lO is given by 

Now we consider the case g{H M ,B M ' (v, v)) = ( for instance, when M' is minimal, or 
B M (v, v) = 0). We have an orthogonal split NM — Rv ©F into two parallel subbundles. 
If W G RJ? D ,a, W = W V +W F = fv + W F , where / G and W F G &'(F), then 

/n(W,W) =/(/,/) +^(W F ,W F )- / / 2 (|| J B M '(v,v)|| 2 -m||//||g(C n (v),v))JM 
-2 / /(£^(e n v, e; ,W F )+£5 v ( e; , e ^(5( e; , ej ),W F ))^ (16) 

J D i ij 

There are several situations with C a = 0. One is given in Proposition 3.2. Another is 
when n = 2 and VQ. = 0. In Lemma 4.4 we will completely characterize this condition. 

Theorem 4.1. We suppose a calibrated extension M' ofM exists satisfying the condition 
g(H M \B M '(v,v))=0. 

(l)If(j) : M — )■ M is Q.-stable on D, then <j> : M — )■ M' is also stable on D and 
XAD)>if(^\B M \v,v)\\ 2 -m\\H\\g{C a {v),v)). 
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(2) IfM' is a totally geodesic submanifold ofM and C n = 0, we have for W G <^d,& 

Hw,w)=i(fj)+uw F ,w F ). 

In the particular case g(R(W F ), W F ) < 0, we have Iq(W,W) > I(f,f)+J D \\V ± W F \\ 2 . 
In this case, if(j) : M — > M' is stable, then : M — >■ M is also testable. 

Proof. It is clear that if (j> : M — > M is ^-stable on D then : M — > M' is also stable on 
D. By the assumptions, (15) reads, for = fv with / G ^d, 

HW, W) = /(/,/) - jj 2 (\\B M> (v, v) || 2 -m\\H \\g(C a (v), v)) JM. (17) 

Take / G an eigenvector of Ajr = X^(D) for the associated twisted Dirichlet prob- 
lem on Z), that is, -Af - (R' + \\B V \\)f = X^f + x ¥(f), where ¥(/) = (D)- 1 f D (-Af - 
(R' + \\B V || )/) . Then /(/, f) = X 9 ) D f . From (17) and the fact that 7 n (W, W) > 0, (1) 
follows immediately. If M' is totally geodesic, then B{e^ej) = B v (ei,ej) takes values 
on TM' , as well as R(ei,v)ei = R'{e^ v)e,-. Thus the last terms of (16) vanish. More- 
over B(W F ) =0. Consequently Iq(W f ,W f ) = J D (\\V L W F \\ 2 - g(R(W F ),W F ))dM. If 
g(R(W F ) 1 W F ) < 0, then I Q (W F ,W F ) > f D \\V ± W F \\ 2 dM, which proves (2). □ 

Barbosa, do Carmo and Eschenburg proved in [3l that geodesic spheres of space 
forms are the unique stable hypersurfaces of constant mean curvature. The uniqueness 
is established by showing that the stability condition implies the hypersurface to be 
umbilical. As an immediate consequence of this result and the preceding theorem, we 
have: 

Corollary 4.1. If a calibrated extension M' exits, and is a space form, if § : M — )■ M is 
testable then M is a geodesic sphere ofM'. 

In the general case the calibrated extension M' is not a space form, and so geodesic 
spheres of M' may have no constant mean curvature, nor be umbilical (the second fun- 
damental form of geodesic spheres is, up to a sign, the Hessian of the distance function 
to a point), but umbilical submanifolds may exist. Furthermore, geodesic m-spheres in 
a Euclidean space or in a Euclidean (m + n)-sphere with n > 2 may not be stable (see 
Propositions 4.5 and 4.6(2)). For the case of positive sectional curvature, a more general 
statement is the following: 

Proposition 4.4. Assume M is closed, and VQ, = or C a = 0. IfNM allows a global 
unit parallel section v F orthogonal to v, and if j M Y*iR{ e i, v/ \ e u v F )dM > 0, then M is 
Q.-unstable. 
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Proof. For VQ = and V^v^ = we also have g(Cn(v F ), v F ) = 0. By Proposition 
4.1 v F is in the extended domain of la, and 7fi(v F ,v F ) = - J M L^(v F , e;, v F , <?,■) + 

We cannot expect Euclidean spheres to be Q-stable in M. m+n for any calibration Q.. We 
will show in the next proposition how stability depends on £1. For any submanifold M, 
consider the tensor t, : A 2 NM ->■ TM* defined by 

%(W,W')(u) = Q.(W,W',*u) (with * the star operator on M). 

Lemma 4.4. The differential operator C a vanishes if and only ifE, vanishes and, 

V w £l(W' \d${ei),...,d$(e m )) = -V w ,£l(W, d(j>(ei), . . . , d(j)(e m )) VW, W' G NM. 

Proof. Fixing a point p EM and W a a local o.n. frame of NM that satisfies 'V ± W a (p) = 0, 
we see that g(C n (W a ) ,Wt,) = is equivalent to the last condition, and taking W = 
W a +fWb where / is any local function, the condition g(C a (W),W) = 0, at p, trans- 
lates into % (W a , Wb) (Vf) = 0, at p. Since Vf{p) is arbitrary, we conclude % = 0. □ 



Proposition 4.5. Suppose M is a closed pseudo-umbilical submanifold of M = M. m+n , 
has parallel mean curvature, and calibrated extended tangent space. We also suppose £1 
is a calibration on M. m+n that satisfies V\yQ(W, e\ , . . . , e m ) = Ofor any W G NM. Let M' 
be the minimal Q.-calibrated extension given in Example 2.4, and X\ be the first non-zero 
eigenvalue of M for the closed eigenvalue problem. 

(1) M is stable in M' if and only if X\ > m\\H\\ 2 . This holds (with equality) when M' = 
R m+1 . 

(2) Assume M is totally umbilical in M, that is, M' is an (m+ \ )-Euclidean space and 
M is a Euclidean m- sphere of M', and fix a global parallel basis W a ofTM'^ = M n_1 . 
Then, M is Q.-stable in M if and only if the 1 -forms %(W a ,Wp) are co-exact, that is, 
<3 (W a , Wp) = dco a p, for some 2-forms CO a p on M, and they satisfy the inequality 

£-2rop/|| / (C0 ap ,df a Adfp)dM<Y, f WafdM V/„,/p G C°°(M) (18) 
a<|3 a JM 

where (, ) denotes the usual Hilbert-Schmidt inner product for 2-forms. In this case, for 
each a,/3 the following estimates for (D a p holds, viz. 

2m\\H\\\f M (0) a p,dfAdh)dM\<f M (\\df\\ 2 + \\dh\\ 2 )dM 7 

m\\H\\ \J M w a p(VffVh)dM\ < y/f M \\Vf\\ 2 dMy/f M \\Vh\\*dM, 

for any smooth functions f,h. Furthermore, ifC a = 0, then M is Q.-stable in M. 
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Proof. (1) Recall that for M closed, X x = inf /e ^ M (/ M || Vf\\ 2 )/(f M f 2 ). Since ||B V || 2 = 
m\\H\\ 2 and by Proposition 2.1 in Example 2.4, R' = Ricci'(v, v) = -||5 M '(v,v)|| 2 = 0, 
then q(f) = J M \\Vf\\ 2 dM — m\\H\\ J M f 2 dM, and (1) follows from the above Reighley 
characterization of X\ . (2) If M is umbilical in M, M is a sphere by Proposition 2.1. From 
the assumptions, |(C Q (v) , v) = 0. Then (16) gives us I a (W, W) = /(/, /) +l£i(W F , W F ), 
with In(W F ,W F ) = J M (\\V ± W F \\ 2 + m\\H\\g(C a (W F ),W F ))dM. Since X i = m||//|| 2 , 
then by (1), /(/,/) > 0, and equality holds for / an eigenfunction of Ai. Thus, M is 
Q-stable if and only if Iq(W f \W f ) > 0. We take W a a global o.n. frame of parallel 
sections of TM r± = R" _1 , and set W F = La/a^a, with f a arbitrary functions. Note 
that = ( — l) l ~ l e\ A . . . A e,- A . . . A e m . Then, the Q-stability condition translates into 

/ [Z,\\Vfa\\ 2 + Y,m\\H\\f a $(Wa,Wp)(Vfp))dM>0. (19) 
Jm V « aj8 / 

Now we prove the ^ (W a , Wp) are co-closed. If we choose f a = 1 and arbitrary, and 
/ y = for 7 7^ a, /3, we get from (19) 

/ (\\Vfp\\ 2 + m\\H\\^W ai Wp)(Vfp))dM>0. 

Replacing /Jg by tfp , with J>0a constant, and letting t — > 0, we obtain J M t, (W a , Wjg ) ( Vfp ) 
> 0, and again, replacing fp by —fp, we obtain equality to zero. Since we have 
Z(W a ,Wp)(yf p ) = (Z(Wa,Wp),df p ), we conclude that Z(W a ,W p ) axe L 2 -orthogonal 
to all exact 1 -forms dfp on M. As the Betti numbers of the spheres vanish, by the 
Hodge decomposition theorem %(W a ,Wp) are co-exact, that is, %(W a ,Wp) = 8® a p, for 
some 2-forms co a p. Then inequality (19) is equivalent to 

/ £|J/ a | 2 JM + £m||//|| / (co a p,df a Adfp}dM>0, 
Jm a a p Jm 

which gives the first inequality of the proposition. Fixing a < /3 and setting f = f a , 
h = fp, and f y = for y ^ a, /3, the above inequality implies 

/ (\df\ 2 +\dh\ 2 )dM + 2m\\H\\ [ (<%«, dfAdh)dM > 0. 

JM JM 

If we change / by — /, we conclude the second inequality of the proposition. Note that 
(ft) aj 8 , A dh) — (O a p (V/, V/z) . The last inequality is obtained from the second one by 
multiplying / by a constant t and hby t~ l , with? 2 = ||V^|| L 2/||V/|| L 2. Finally, if C a = 0, 
by Lemma 4.4, £(W a ,Wp) = 0. □ 

We note that for any parallel calibration Q. of R m+W , and any sphere M of a calibrated 
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vector space R m+1 , if we fix W a a constant o.n. frame of TM' 1 = R' 7-1 , then the (m — 1)- 
forms I; a n = Q.(W a , Wp , • • • ) are parallel in R m+ ". We may take in previous proposition 

(W a , Wp) = *0*| aj 8, that are obviously co-closed onM. Many well known calibrations 
in satisfy Cq ^ with <^(W a , Wr) co-closed. On the other hand, to investigate if 

inequalities in Proposition 4.5(2) are satisfied or not seems to be not so easy to deter- 
mine, as we can see in next remark. 

Remark 4.4. (1) The associative calibration of R 7 is the 3-form given by 

_ „123 _i_ p 145 , P 167 , 246 _ 257 _ 347 _ 356 
" t "T ~v 

where £, is the canonical basis of R 7 . We are considering S 2 the unit sphere of the cal- 
ibrated subspace spanned by £,-, i = 1,2,3 and W a = £«,« = 4,5,6,7. Then we have 
I45 = &7 = e* 1 = dx\ | 46 = -| 57 = £ 2 = Jjc 2 , | 47 = -I56 = -e| = -d£. Conse- 
quently, = p aj8 Vol § 2 With p 45 = p 67 = p 46 = -p 57 = -0 2 , p 47 = -p 56 = 3 , 
where : S 2 — >• R 3 C R 7 is the inclusion map. Let us suppose that is ^-stable. 
Then (O45 should satisfy the last inequality of Proposition 4.5, i.e. for any functions 
/,/z:§ 2 ^R 



J^Vo]&(yf,Vh)dM < j s2 \\Vf\\*dMyJ J^\\Vh\\ 2 dM 

We now use the stereographic projection a : R 2 — > § 2 C R 3 , o(w) = (j^pqrq 

that is a conformal map. We denote by Volo the Euclidean volume element of R 2 , J the 
canonical complex structure, and by V / the Euclidean gradient for a function defined 
on R 2 . Then the above inequality is equivalent to 

2 \L (Sri) V <"°^ V °H s {U^{U™^ 

for functions /, h : R 2 — > R, that we take with compact support in an annulus D := {w : 

< i?i < |w| < i? 2 }- We choose Ri sufficiently large so that (\w\ 2 - l)/(|w| 2 + 1) > 

1 + 8, where < 8 < 1/2 is a constant. Since g (-/V /, V°fc) = Vol (V /, V°/i), and 
if this is > 0, from preceding inequality we have 2{\ + 8) \J D go(JV f : V h)dw\ < 
|V°/| L 2|V°/j| L 2. A pair of functions (h,h') on D defines a holomorphic map in C if 
and only if — JV Q h'(w) = V°/j(w). Thus, we maximize goi^ /, Vh) by taking / = —h! 
for such pair of conjugate harmonic maps, giving Volo(V /, V°/z) = ||V°/|| ||V°/j|| = 
|| V°/|| 2 . This would give a contradiction in the previous inequality. As a matter of fact, 
we cannot choose such a pair of functions, because nonconstant harmonic maps cannot 
vanish in all dD. We also recall that a harmonic function / on R 2 with L 2 derivative de- 
fines a L 2 -harmonic one-form df, and so, by a result of Yau ( [124], Theorem 6), / must 
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be constant. The question is to know how far is an holomorphic map (<p, q>') on D from 
a pair of functions (f,h) vanishing in dD. This can be measured by |Volo(V /, V/z)| 
as we have described. A significant distance between these two set of pairs of func- 
tions could indicate that (18) holds. We also observe that (j) k are Ai -eigenfunctions with 
X\ = 2 the first nonzero eigenvalue of S> 2 , and they satisfy Jgi($ k ) 2 dM = ^|S 2 |. Further- 
more, the inequality (18) holds if we take f a and fp any A ; -eigenfunctions, with i = 1 
or 2, giving either equality, or zero in the l.h.s. The fact that co a p is defined using the 
Ai -eigenfunctions suggests us that a proof of the ^-stability of the 2-sphere should be 
related to some inequalities derived from spectral theory, and this will be the subject of 
future work. 

(2) Let us now consider the Kahler calibration of IR 6 given by the 4-form 

a = I ( £ J 2 + e 34 + g 5 6) A (£ 12 + £ 34 + £ 5 6) = £ 1234 + £ 1256 + £ 3456 

where £ ; is the canonical basis of IR 7 , and = (0 ,. .. , 4 ) : S 3 — > IR 4 denotes the in- 
clusion map of the 3-sphere of the calibrated subspace IR 4 spanned by £,-, i = 1,2,3,4. 
Then we are taking <^ 56 = ej 2 + e 34 = dx l A dx 2 + dx 3 A dx A . The ^-stability condition 
is equivalent to the inequality 



(C0 56l df 5 Adf 6 )dM 



< 



JjVfrfdMJ JjVf 6 \\ 2 dM 



to be valid for all smooth maps fs,f(, on S 3 . We have *ft>56 = 1 J0 2 + 3 d0 4 , and 
{cosf^dfs A df(,)dM = dfs A df(, A *a>56- If we take f a one of the components <$> l ( that 
are X\ -eigenfunctions, with X\ = 3 the first non-zero eigenvalue of S 3 ), we can verify, 
using spherical coordinates, that the previous inequality holds, with equality in some 
cases. Once more, a proof for stability seems to be related to new spectral inequalities 
as in preceding case (1). 

Next we obtain a uniqueness theorem which extends the case n = 1 Q: 

Theorem 4.2. Assume thatM = M. m+n , VCl — (orC a — 0), andM is a closed subman- 
ifold with parallel mean curvature and calibrated extended tangent space. Consider the 
height functions 

h = g(<t>,v) and S = Y l g(<i>,(B(e l ,e J )) F )B v (e n e J ). 

ij 

If : M — >■ M is Q.-stable and f M S(2 + h\\H\\)dM < 0, then is pseudo-umbilical and 
a minimal calibrated extension M' ofM exists with R' = — \\B M (v, v) || 2 = and 5 = 0. 
Furthermore, ifNM is a trivial bundle, then M' = M. m+l , M is a Euclidean sphere and 
Q. satisfies Proposition 4.5(2). 
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Proof. If (j) is pseudo-umbilical, then by Proposition 2.1 a (minimal) calibrated extension 
M' exists, satisfying R' = -||B M '(v, v)|| 2 = 0, and S = -g(B M '(v, v), (j))H = 0. We 
follow 0. Let X x = x be the position vector field in W n+n . Using the well-known 
expression mg(H, (j)) = div(0 T ) — jtr g L^g, where (j) T (x) is the projection of 0(x) onto 
T X M, and integrating over M, we have 

I (\\H\\h+l)dM = 0. (20) 
Jm 

That is, / = (\\H\\h+l) e & M . Now, dh(e t ) = g($,dv(ei)) = Zj -g((f>,ej)B v (e h e>). 
By applying Coddazzi's equation we have V 1 e .B x '(e,-, e y ) = mg(Vj-.H, v) = 0. We may 
assume at a given point V ei ej = 0. Then at that point 

Ah = J^-dijB^ei^j) -g(<M(^))£ V (^-) -g(0,e;)V e;J B v (^, e/ ) 

= -m||#|| -g{^,B{e u ej))B v {ei,ej) = -h\\B v \\ 2 -S, 

and integration over M give us the equality 

f h\\B v \\ 2 dM = - f (S + m\\H\\)dM. (21) 
7m Jm 

The stability condition applied to W — fv, and the fact that g(C a (v), v) = 0, by assump- 
tions on Q and v, implies J M —fAf — f 2 \\B v \\ 2 > 0, that is, 

f (\\H\\ 2 h 2 \\B v \\ 2 + m\\H\\ 3 h+\\H\\ 2 hS +\\H\\h\\B v \\ 2 + m\\H\\ 2 +\\H\\s)dM 
Jm 

> [ (|| J B v || 2 |//|| 2 /z 2 + 2||5 v || 2 || J f/||/i+||5 v || 2 )JM, 
Jm 

and using the above equalities (l2"0l)([2"TI) . we get the simplified inequality 

\H\\S(\\H\\h+l)dM> [ ||fl v || 2 (||//||/?+l)dM = / ||fl v || 2 -||//||(S + m||//||)</M, 

Jm Jm 



that is, J M \\H\\S( \\H\\h + 2)dM > J M (\\B V \\ 2 - m\\H\\ 2 )dM. By assumption, and the fact 
that ||5 V || 2 > m||//|| 2 , we get ||5 V || 2 = m||//|| 2 , which proves M is pseudo-umbilical. 
Thus, 5 = 0. If NM is spanned by a global orthonormal system of n parallel sections 
{v, W a }, then g(C a (W a ), W a ) = and the ^-stability implies 

Ia(W a ,W a ) = -[ £g(fl(e ; , e; ),W«) 2 >0, 
Jm ij 

that is, B M (ei, ey) = 0. Thus is totally umbilical and, by Proposition 2. 1 , M is a sphere 
on M' = W n+l and C a satisfies Proposition 4.5(2). □ 
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Now we specialize on the case that the calibration is Q. K , defined by a Riemannian 
fibration % : M — > N of totally geodesic fibres. We recall that the Riemannian submer- 
sions of the unit Euclidean spheres E>' n+n , with totally geodesic and connected fibres, 
were classified by Escobales and Ranjan [ITOl [20ll . and define the Hopf fibrations of the 
spheres. Among these fibrations, the ones that have fibres of dimension > 3 are the Hopf 
fibrations of § 7 with fibre § 3 , of § 4 *+ 3 , for k > 2, with fibre § 3 , and of § 15 with fibre § 7 , 
i.e. 

§ 3 ^§ 7 ^§ 4 (I), § 3 m> § 4fc+3 -> MF k , § 7 ^§ 15 ^§ 8 (±), (22) 

respectively, where MP k is the quaternionic projective space of sectional curvature K 
with 1 < K < 4, and S 4 (^) and &(\) are spheres of curvature 4. Fibrations of W n+2 by 
totally geodesic hypersurfaces (and so by (m+ 1) -dimensional hyperbolic spaces) were 
described by Ferus [fTTI . and they arise as the nullity foliation of a suitable isometric 
immersion of W n+2 into W n+3 without umbilics. 

Proposition 4.6. ( 1 ) Any Euclidean m-dimensional sphere of an (m + 1 ) -dimensional 
vector subspace E is £l n -stable in W n+n for any fibration in M. m+n with E as a fibre. 

(2) Let M m be a geodesic sphere ofE>' n+l . Immersing § w+1 as a totally geodesic fibre in 
S m+n , where m, n are such that K : § m +" — > N is one of the Hopf fibrations given in (22), 
defines an Q. n -unstable immersion : M m — > with parallel mean curvature. 

(3) If M m is a geodesic sphere of a hyperbolic space H' n+1 , with M m+l immersed as a 
fibre of a Riemannian fibration % : M. m+n — > N of the (m + n) -dimensional hyperbolic 
space, with n > 2, and by totally geodesic fibres, then the corresponding immersion 
(j) : M m — > M. m+n is an Q. n -stable immersion with parallel mean curvature. 

Proof. (1) and (3) are immediate consequences of Theorem 4.1(2) and Proposition 3.2. 
Now we prove (2). In it is proved that /(/, /) > for all / e J^m- On the other hand, 
the normal bundle /V(S m+1 ) of § ra+1 in § m +" is a trivial bundle, spanned by n — 1 unit 
parallel vector fields V{ , . . . , V„_ i . Their restrictions to M are parallel along M, and they 
span the parallel subbundle F of NM. By Proposition 4.4 with C a = (see Proposition 
3.2), M is ^-unstable. □ 
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